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Abstract 



■ Consider the image of a 2ri-dimensional unit ball by an open symplectic embed- 
^/^ • ding into the standard symplectic vector space of dimension 2n. Its 2A:-dimensional 

(-H . shadow is its orthogonal projection into a complex subspace of real dimension 2k. Is 

it true that the volume of this 2A;-dimensional shadow is at least the volume of the 
unit 2fc-dimensional ball? This statement is trivially true when k = n, and when 
A; = 1 it is a reformulation of Gromov's non-squeezing theorem. Therefore, this ques- 
tion can be considered as a middle-dimensional generalization of the non-squeezing 
^ ■ theorem. We investigate the validity of this statement in the linear, nonlinear and 

. perturbative setting. 
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Introduction 

Let Q be the standard symplectic form 



n 



Q = dpj A dqj 
i=i 

on M?"-, the standard Euclidean space endowed with coordinates {pi,qi, ■ ■ ■ ,Pn,qn)- The 
nonsqueezing theorem of Gromov states that no symplectic diffeomorphism (i.e. diffeo- 
morphism which preserves Q) can map the 2?7,-dimensionaI ball Bfi of radius R into the 
cylinder 

Zs := {(pi, gi, . . . qn) e M^" | pi + q^ < S^} 
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if ^ < i? (see |Gro85] . and also |EH89] . |Vit89] . |HZ94] for a different proof). This theorem 
shows that symplectic diffeomorphisms present two-dimensional rigidity phenomena (the 
base of the cylinder has dimension two), and not just the preservation of volume ensured 
by Liouville's theorem (which in the modern language just follows from the fact that, 
preserving Q, a symplectic diffeomorphism must preserve also Q"^, the n-times wedge of 
Q by itself, which is a multiple of the standard volume form). Symplectic capacities are 
the standard tools which allow to quantify such two-dimensional rigidity phenomena (see 
again [EH89], |Vit89] and jHZ94]). 

Since symplectic diffeomorphisms preserve also the 2k-{oTm Q'' for every 1 < A; < n, 
after Gromov's result it was natural to think that there should be also middle dimensional 
rigidity phenomena. A possible question concerned the possibility of symplectically em- 
bedding one poly disk 11 := Bj^_^ x ■ ■ ■ x B]^^, where B]j^. denotes the ball of radius Rj in the 
plane associated to the coordinates pj and qj, into another one 11' := 5^, x ■ ■ ■ x Bj^, . If 
we adopt the standard convention that the radii of each of the two polydisks are increas- 
ing, Liouville's and Gromov's theorems immediately imply that if 11 can be symplectically 
embedded into 11', then i?i ■ ■ ■ i?„ < R[ - ■ ■ R'^ and -Ri < R[. It was natural to expect 
other rigidity phenomena concerning other products of the Rj^s, but L. Guth recently 
ruled this out, by proving that there exists a constant C{n) such that if C{n)Ri < R'^ and 
C{n)Ri ■ ■ ■ -Rn < -R'l ■ ■ ■ R!ni then 11 can be symplectically embedded into 11' (see [GutOS] ). 
See also |Sch05j . [HutlOj . [HKlOj . |MS10j . |BHllj . |McDll] and references therein for more 
quantitative results about the symplectic embedding problem for polydisks and other do- 
mains. 

In this article, we would like to take a different point of view and to keep the ball as 
the domain of our symplectic embeddings. We first notice that Gromov's nonsqueezing 
theorem can be restated by saying that the two-dimensional shadow of a symplectic ball 
of radius R in R^" has area at least vri?^. More precisely, every symplectic embedding 
(f) : Bn — 7- M^" satisfies the inequality 

area(P0(5ii)) > 7r/?^ (1) 

where P denotes the orthogonal projector onto the plane corresponding to the conjugate 
coordinates pi,qi. In fact, the latter statement is obviously stronger than the former. On 
the other hand, if the area of A := P(f){Bf>) is smaller than ttR'^, then we can find a smooth 
area preserving diffeomorphism if) : A ^ Bg for some S < R (by a theorem of Moser 
[Mos65j . see also [HZ94[ Introduction, Theorem 2]), and the symplectic diffeomorphism 
{ip X id]R2n-2) o (f) maps Bfi into Zs, thus violating the former formulation of Gromov's non- 
squeezing theorem. Actually, the reformulation is closer to Gromov's original proof. 

In the above reformulation, the projector P can be replaced by the orthogonal projector 
onto any complex line of M^" = C", where the identification is given by 

(pi,gi, . . . ,Pn,qn) ^ {pi + iqi, ...,Pn + iqn)- 

If one does not wish to use the complex structure of M^", ([T]) can be expressed using only 
the symplectic structure, by saying that if is a symplectic plane in M^" and Q is the 
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projector onto V along the symplectic orthogonal complement of V, then 

n > ttR'^, (2) 



for every symplectic embedding (p : — M^". In fact, ([2]) follows from ([1]) because the 
projector Q is conjugated to an orthogonal projector onto a complex line by a symplectic 
linear automorphism of M^"". 

Looking at the inequality ([I]), it seems natural to ask whether an analogous statement 
holds for the volume of a higher- dimensional shadow of a symplectic ball. More precisely: 
if \^ is a complex linear subspace of M^" of real dimension 2k and P is the orthogonal 
projector onto is it true that 

Vok.(P0(5^)) >U2kR"', (3) 

for every symplectic embedding : B^i — > M^"^ ? Here LJ2k denotes the volume of the unit 
2 /c- dimensional ball. Indeed, the case /c = 1 is precisely Gromov's theorem and for k = n 
we have the equality in ([3]), by Liouville's theorem. The purely symplectic reformulation 
of this question, analogous to (j2]), would be asking whether 



1 



> 002kR'^ (4) 



when Q is the projector onto a symplectic 2/i;-dimensional linear subspace of M^" along its 
symplectic orthogonal (the factor k\ appears because fi^ restricts to /c!-times the standard 
2/c- volume form on every complex linear subspace of real dimension 2k). 

The first aim of this paper is to show that (hence also (jlj)) holds in the linear 
category: 

Theorem 1 (Linear non-squeezing). Let ^ be a linear symplectic automorphism o/R^", 
and let P : M^" — M^" be the orthogonal projector onto a complex linear subspace V C M^" 
of real dimension 2k, 1 < k < n. Then 

and the equality holds if and only if the linear subspace (^^V is complex. 

Here denotes the adjoint of $ with respect to the Euclidean product of M^". The 
proof is elementary but, as in the case of the standard linear non-squeezing (see [MS981 
Theorem 2.38]), not completely straightforward. It is contained in Section [TJ 

Our second aim is to show that in the nonlinear category middle-dimensional shadows 
may have arbitrarily small volume: 

Theorem 2 (Non-linear squeezing) . Let P : M^" M^" be the orthogonal projection onto 
a complex linear subspace o/M^" of real dimension 2k, with 2 < k < n — 1. For every e > 
there exists a smooth symplectic embedding (p : B ^ M^*^ such that 

vol2fc(P0(5)) <e. 
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Here B denotes the unit ball Bi C M^" . The proof of this second result is based on some 
elementary but ingenious lemmata from the already mentioned paper of Guth |Gut08j . It 
is contained in Section [2l 

Therefore, the middle-dimensional non-squeezing inequality ([3]) stops holding when 
passing from linear to nonlinear symplectic maps. However, the counterexample produced 
in the proof of Theorem 2 deforms the ball tremendously and it is natural to ask where 
the border of the validity of ([3]) lies. An interesting question in this respect seems to be: 
does ([3]) hold locally? 

This question can be formulated in different ways. For instance, one may fix a symplec- 
tic diffeomorphism : M^" — M^" and a point in its domain - without loss of generality 
the origin - and ask whether ([3]) holds when R is small enough. Or one can fix a smooth 
path of symplectic diffeomorphisms 

0^:M2"^M2n^ te[0, 1], 

such that 00 = ^) where $ is some linear symplectic automorphism, and ask whether 

vol2fc(P0t(5)) > U2k, for every < t < to, (5) 

for some positive number < 1. A positive answer to this second question implies a 
positive answer to the first one, by considering the path of symplectic diffeomorphisms 




A first result about the first formulation of the local question is the following: 

Proposition (Generic local non-squeezing). Let : M^" — )■ M^" be a symplectic diffeo- 
morphism and let P be the orthogonal projection onto a complex subspace V C M^" of real 
dimension 2k, with 1 < k < n. Then there is an open and dense subset U C M^" with the 
following property: for every x E U there exists Rq = Ro{x) > such that 

Y0hk{P<PiBR{x))) >0O2kR^\ 

for every R < Rq. 

We conjecture that one can actually take U = M?^ in the above statement and that 
the function Rq is bounded away from zero on compact sets (this is way we do not grant 
the above statement the status of a theorem). The proof uses minimal submanifolds and 
is contained in Section 3, where we also make some general considerations about the first 
formulation of the local question and we suggest that its positive answer might be related 
to the integrability of a certain "multi- valued distribution" . 

Further evidence for a positive answer to the local question is given by the next result 
about the second more general formulation, whose statement needs some preliminaries. 
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As before, we denote the image of the orthogonal projector P by V ^ which is still 
assumed to be a complex linear subspace of M^". When ^^V is not a complex subspace, 
Theorem [T] guarantees that 

so (l5l) holds for small values of t just by continuity. Therefore, the question is non-trivial 
only when is a complex subspace, in particular when $ = J. 

We recall that, since M^" is simply connected, every symplectic path (pt : M^" — M^" is 
generated by a time-dependent Hamiltonian: There exists a smooth one-parameter family 
{Ht}te[o,i] of smooth functions on M."^^ such that 

j^M^)=Xh,{M^)), V(t,x) e [0,1] X 
where is the Hamiltonian vector field associated to H, which is defined by the identity 

ix.^l = -dH. 

Each function Ht is uniquely determined up to an additive constant. Given a 27r-periodic 
smooth loop 

z : M/27rZ ^ M^*", 

we denote by 

E{z) ■.= \j^^ \z'{e)\'de 

its energy, and by 

A{z):=- n[z{e),z'{e)]de = z*{A), with A:=J2Pjdqj, 

the symplectic area of any disc with boundary z. 

liVd M^" is a complex linear subspace of complex dimension k, we denote by Gti{V) 
the Grassmannian of complex lines in V, equipped with the volume form 

where u is the standard Kahler form on Gri(V) = CP'^'^^. Our next result is the following 
second order expansion for the 2/c-volume of the shadow of the image of the ball by the 
Hamiltonian flow (pf- 

Theorem 3 (Second order expansion). Let {(f)t}te[o,i] be a smooth one-parameter family of 
symplectic diffeomorphisms o/R^" into itself such that (po = ^ is linear and let {Ht}t^[o,i] 
be its generating path of Hamiltonians. Let P be the orthogonal projector onto a complex 
linear subspace V C M^" of real dimension 2k, with 1 < k < n, and assume that also 
is a complex subspace. Then 

vohk{PMB)) =co2k + Ct^ + 0{t^), for t -> 0, 
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the number C being defined as 

C = C{H„ $) := / {E{a) - A(Cl)) /i(^), 

JGti{<S>tv) 

where (l ■ M/27rZ M^n ^/^g i^^p 

CL{e) = ^*{{I-P)Xn,){e''Q, 
6em(7 an arbitrary unit vector in L. 

Here $*((/- P)Xhq) denotes the pull-back by $ of the vector field (/ - P)Xxq-, that is 

- P)X^,J(x) := - P)X^,„(<l>x), Vx G R2«, 

and J : M^" _^ ]R2n jg ^j^g multiplication by i in the identification M^" ^ c". To the best of 
our knowledge, this result is new also in the case k = 1. The proof is based on an elaborate 
series of computations, which make use of the Lie-Cartan formalism and occupy Sections 
m El land El 

We can now use the energy-area inequality 

A{z) < E{z), Vz G C~(M/27rZ, M^")^ 

and the fact that the equality holds if and only if the loop z has the form z{6) = zq + c^'^zi, 
for some zq and Zi in M^", in order to deduce the following: 

Corollary (Strict local non-squeezing). Let (pt, Hf, P and V be as in Theorem\^ 
with 1 <k <n — \. Assume that the vector field Z := $*((/ — P)X//(,) does not satisfy the 
symmetry condition 

Z [e^-^x] =^{Z{x) + Z{-x)) + ^e^'^{Z{x)-Z{-x)), Wx e dBn<l>^V, W9 e R/27rZ. (7) 
Then there exists to > such that 

yohk{P4>tiB)) > uj2k, for every < t < to- (8) 

Therefore, the second formulation of the local non-squeezing statement holds for every 
middle-dimension, at least if the Hamiltonian vector field X^o is not so symmetric that 
d?]) holds. When ([7]) holds, then C{Hq,^) in Theorem |31 vanishes and we cannot expect 
the strict inequality (jHl) to be true (for instance, (j)t could be the identity for every t), but 
nevertheless it seems natural to conjecture that there exists to > such that the weak 
inequality holds. 

We should also mention that, since the local compactness of M^" does not play any role in 
our arguments, all the results of this paper extend to the case of symplectic diffeomorphisms 
on an infinite dimensional real Hilbert space H which is equipped with a strong symplectic 
structure, that is of a continuous anti-symmetric bilinear form : HI x H — )■ M such that 
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the anti-symmetric linear operator J : EI — t- HI which represents f2 with respect to the inner 
product, that is 

= {Ju,v), Vn, i; G H, 

is an isomorphism. In particular, the standard non-squeezing theorem which S. Kuksin 
|Kuk95] generalized to compact perturbations of linear operators, holds also for small 
perturbations of bounded linear symplectic operators on H, again assuming that the sym- 
metry condition ([7]) does not hold. Unlike the former, the latter fact is true also for the 
middle- dimensional case dimV^ = 2k, with 2 < k < oo. 
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1 Linear non-squeezing 

We start by recalling the formulas for the volume of the image of the ball by a linear 

surjection. We denote by B the open unit ball about in M". 

Let n > k he positive integers and let A : M" — > be linear and onto. We denote by 
: M.^ — )■ M" the adjoint of A with respect to the Euclidean inner products. The linear 

mapping A^A : M" — ?■ M" symmetric and semi-positive, with /c-codimensional kernel 

keiA'^A = kerA = (ranA^)-^. 

In particular, A^A restricts to an automorphism of the fc-dimensional space (kerA)-*- = 
ran A^ and, since this restriction is the composition of the two isomorphisms 

AikerA)^ ■ (ker A)^ ^ M^ A^ ■.R'' ^ (keiA)^, 

which have the same determinant, being one the adjoint of the other, we deduce that 

det (A^A|(kerA)i) = det (y4|(kerA)i) 

Here, the absolute value of the determinant of linear maps between different subspaces of 
the same dimension is induced by the Euclidean inner product (since linear subspaces do 
not have a preferred orientation, the determinant is defined up to the sign). Let ^i, . . . , 
be a basis of {kei A)-^ with 

1^1 A--- A^fel = 1, 

where the Euclidean norm of M"" is extended to multi-vectors in the standard way (in 
particular, |Ci A ■ ■ ■ A ^^1 is the /c-volume of the prism generated by ^i, . . . , ^k)- Since 

A{B) = A{Bn{keTA)^) = A{BnTanA^), (9) 
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we find 

voh{A{B)) 



\A^l A ■ ■ ■ A A^k\ = I det (A|(kerA)^) I = Jdet(A^A|(kerA)^), (10) 



where Uk denotes the /c-volume of the unit /c-ball. Furthermore, the real valued function 

W^\detA\wl WeGikiW), 

where GrA;(M") denotes the Grassmannian of /c- dimensional subspaces of M", has a unique 
maximum at (kerA)-*- = ranA"^, hence 

max det A Ivy = det A Iran • (11) 

VKeGrfc(IR")' ' ' ' 

Let M^" be the 2n-dimensional Euclidean space endowed with coordinates 

(pi,gi, . . . ,p„,g„), 
with the complex structure J corresponding to the identification 

(pi,gi, . . . ,Pn,gn) = (pi + iqi, ■■■,Pn + iqn), 

that is 

J(pi,gi, . . . ,Pn,qn) = {-quPl, • • • , -qn,Pn), 

and with the symplectic form given by minus the imaginary part of the corresponding 
Hermitian product, that is 

n 

Q = dpj A dqj. 

H. Federer refers to the next result as to the Wirtinger inequality, see |Fed69t section 1.8.1]. 
Lemma 1. Let 1 < k <n and let Q'^ be the k-times wedge product of Q by itself. Then 

\n''[ui,...,U2k]\ < k\\uiA---Au2k\, Vni,...,n2fc G M^", 

and, in the non-trivial case of linearly independent vectors uj, the equality holds if and only 
if the Uj 's span a complex subspace. 

We are now ready to prove the linear non-squeezing result: 

Theorem 1 (Linear non-squeezing). Let ^ be a linear symplectic automorphism o/M^", 
and let P : M^" — M^" be the orthogonal projector onto a complex linear subspace V C M^" 
of real dimension 2k, 1 < k < n. Then 

vohk{P^Bn)) >uj2kR^\ 

and the equality holds if and only if the linear subspace ^"'"V is complex. 

8 



Proof. By linearity, we may assume R = 1. We consider the linear surjection 

A := P$ : M^" -> V. 
As before, let ^i, . . . ,C,2k be a basis of [kei A)-^ = ranA^ = such that 

1^1 A---A6fc| = 1- 

By the identity (fTOj) and Lemma [H 

'vol2fe(P$(5))' 



det(A^A|(ke,A)^) = l^^^^i A ■ ■ ■ A A^A^2k\ 



(12) 



and the equality holds if and only if the subspace spanned by A'^AC,i, . . . , A'^AC,2k, that is 
$"^V^, is complex. Since $ is symplectic, so is hence 

Q^i'^'^A^,, = l^lA^i, . . . , (13) 

Since the restriction of Q'' to the complex subspace V is /c!-times the standard volume 
form, we have 

1,1 , V0l2fcfA(5)) V0l2fcfP$(5)) 

A;!' ' uj2k ^2k 

where we have used again ffTOj) . By f fT2|) . f|T3|) . and f lT^ we conclude that 

V0l2fc(P$(P)) > UJ2k, (15) 

and that the equality holds if and only if the linear subspace is complex. □ 

2 Nonlinear squeezing 

In this section we consider balls in spaces of different dimension, hence we adopt the 
notation for the open ball of radius R about the origin in MJ^ and we omit the index R 
when the radius is 1, := P". 

We denote by E the punctured torus \ {pt} equipped with a symplectic form of area 
one. The following lemma is due to L. Guth |Gut08l Section 2, Main Lemma]: 

Lemma 2. For every R> there exists a smooth symplectic embedding of Bj^ into S x M^. 

The next lemma is a simple modification of Lemma 3.1 in |Gut08] (where an embedding 
with extra properties is constructed for R < 1/10): 

Lemma 3. For every R> there exists a smooth symplectic embedding of B\ x S into M^. 
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Proof. Choose a positive number e < R/3 and set 

S := [-2R, 2R]x] - e, e[, S' :=] - e, e[x [-2R, 2R]. 

If e is small enough (precisely, if 8-Re < 1), we can find a smooth symplectic immersion 
: S ^ R2 such that: 

1. %1){T) n [-2i?,2i?]2 = ^U^'; 

2. '?/^~"'^(S' n S") consists of two disjoint open disks D, D' C S; 

3. the restrictions ^/'Isyi? ^'^'^ V^lsviy injective. 

Such a symplectic immersion is easily found by starting from a smooth immersion (see 
[GutOSt Figure 3]) and by making it area-preserving by the already mentioned theorem of 
Moser. 

Let X be a smooth real valued function on M with support in [—2R + e, 2R — e], such 
that X = 2-R on [— e, e] and ||x1loo < 3/2 (such a function exists because e < -R/3). The 
map 

: -> ]R^ 0(pi,gi,p2,g2) := {pi,qi + x(P2),P2,g2 + x'(P2)pi), 

is a symplectic diffeomorphism, being the time-one map of the Hamiltonian flow generated 
by the Hamiltonian H{pi, qi,p2, q2) ■= xiP2)pi- 
We claim that the map 



idxiP on E| X (S \V^-i(^)), 

0o(idx7/;) on B^x ip-\S), 



is a symplectic embedding. 

The map id x ip maps a neighborhood of the boundary of Bj^ x iIj"'^[S) in Bj^ x S into 
a small neighborhood of x {±2/2} x] — e, e[, on which (p = id. This proves that is a 
smooth symplectic immersion. 

There remains to check that ip is an embedding. By the properties of ^Z', is an 
embedding on a neighborhood of B]^ x S \ ip~^{S) and on a neighborhood of i?^ x tlj~^[S). 
Therefore, it is enough to prove that ip maps the sets Bj^ x (S \ ip'^^S)) and Bj^ x ip~^{S) 
into disjoint sets. Let z G ip~^{S), set {P2A2) '■= "^{z) G S' and let (pi,gi) G -B^. Then 

V?(pi,gi,2;) = + x(P2),P2,g2 + x'(P2)Pi)- (16) 

Since 

1^2 + x'{P2)pi\ < e + llx'lloci? <e + -R<2R, 
the point V9(pi, gi, z) belongs to x [—2R, 2i?]^. The intersection of the latter set with 

^{Bl X (S \ r\S))) = Bl X ^((S \ r\S)) 
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is Bj^ X S', so we must show that (p{pi, qi, z) does not belong to B\ x S' . If \p2\ > e, ( IT6|) 
shows that the last two-dimensional component of gi, 2;) does not belong to S' . If 
IP2I < e, the second component of f^ipi, qi, z) is 

gi + 2i? > R, 

hence the first two-dimensional component of ip{pi,qi,z) does not belong to B\. This 
concludes the proof of Lemma O □ 

We are now ready to prove the nonlinear squeezing result: 

Theorem 2 (Nonlinear squeezing). Let P : M^" — > M^" be the orthogonal projection onto 
a complex linear suhspace o/M^" of real dimension 2k, with 2 < k < n — 1. For every e > 
there exists a smooth symplectic embedding : i?^" — M^" such that 

Yohk{P<PiB^n) <e- 

Proof. Up to the composition by a unitary automorphism of (R^", J), we may assume that 
V is the linear subspace corresponding to the coordinates pi,qi, . . . ,pk,qk- Moreover, it is 
enough to consider the case n = 3 and k = 2, from which the general case follows by taking 
the product by the identity mapping. Because of these simplifications, P : — )■ is the 
standard projection on the subspace given by the first four coordinates pi, qi,P2, q2- 
Let i? be a positive number. By Lemmata [2] and [3l there are symplectic embeddings 

Consider the symplectic embedding : — )■ which is defined as the composition 
Bl^ Blx B'^'^ BlxT.x^^'^-^R^ x^^ = R\ 

Then 

vol4(P0(5|)) < V0l4(^(5^ X S)) = vol4(5^ X S) = TlR^. (17) 

The required symplectic embedding : — t- is obtained by rescaling: Indeed, the 
embedding (j){z) := (j){Rz)/R is symplectic and by ( |T71) . the quantity 

Vol4(P0(Bn) = Vol4(-^P0(i?i)) = ^Vol4(P0(i?|)) < 

is smaller than e, if R is large enough. □ 

3 Preliminary remarks on the local question 

Let : M^" — M^" be a symplectic diffeomorphism and let P : M^" — M^'" be the orthogonal 
projector onto a complex linear subspace V of real dimension 2/c, with 2 < k < n — \. 
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Denote by ip the composition P0. In its former formulation, the local question proposed 
in the introduction is whether the inequality 

VohkiHBR)) >UJ2kR^\ (18) 

holds for > small enough. 

The linear non-squeezing Theorem 1, together with the identities (fTOl) and ( fTTl) . implies 
that 

J2k'ip{x) > 1, Vx G M^'", (19) 
where J2k'^{x) is the 2/c-Jacobian of the map ip at x, that is the number 

J2k'4'{x) = max \det Dib{x)\w\, 

Gr2fc(M^"') being the Grassmannian of 2A;-dimensional linear subspaces of M^". 

Our first remark is that (ITSl) does not follow simply from the inequality ( fT9l) . In fact, if 
m > h > 1, there are smooth maps (p : M"* — )■ M'' whose /i-Jacobian is everywhere at least 
1 but for which 

voU(^(5^)) <ujhR\ (20) 

for every small R > 0. Examples with m = 3 and h = 2 can be found among the maps of 
the form 

: C X R ^ ^ C ^ M^ ip{z, t) = pi\z\)e'^z, (21) 
where p : [0, +oo[— M is a smooth positive function such that 

p(0) = 1, p'(0) = 0, p(r) < 1 Vr > 0. 

Indeed, such a <y9 maps the cylinder 5^ x M - and a fortiori the ball - into the disk of 
radius p{R)R, which is smaller than R for R> 0. The 2-Jacobian of (f is easily computed 
to be 

J2^iz,t) = p{\z\){p{\z\) + \z\p'{\z\))./TTW, 

from which we find 

J2^{z, t) = 1 + ^1 + 2/(0)^ \z\^ + Oi\zf) for z^O. 

Therefore, if p"{0) > —1/4 then J2ip{z,t) > 1 for \z\ small enough. Examples for arbitrary 
m > h > 1 are obtained from this map by taking the product with an orthogonal projection. 

The existence of smooth maps such (f : M'" — M.^ with m > h whose /i-Jacobian is 
everywhere at least 1 but for which the inequality (!20|) holds for every small R > 0, such 
as the one defined above, is related to a non-integrability issue. Indeed, the set 

W{x) := {W G Gr/,(M'") | \det Dip{x)\w\ > 1} (22) 
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is non-empty for every x G because Jh^p{x) > 1 and defines what could be called 
a "multi- valued /i- dimensional distribution" on M™. If if satisfies (!20l) for every small 
R > 0, such a multi-valued distribution cannot be integrable in a neighborhood of zero, 
as it is implied by the following result (which also clarifies the meaning of integrability for 
multi- valued distributions): 

Lemma 4. Let m > h > 1 and let ip : — W'' be a smooth map such that Jh{ip{x)) > 1 
for every x G M™. Assume that the multi-valued distribution W , which is defined in ( fll|) . 
is integrable, in the sense that M™ admits a smooth h-dimensional foliation ^ such that 
for every x G M™ the tangent space at x of the leaf through x belongs to W{x). Then 

Yoh{ip{B^)) >ujnR\ 

for every R> small enough. 

The proof of this lemma is given at the end of this section. Notice that when /i = 1 or 
h = m, W is always integrable: the case h = m is obvious, because W{x) = M*" for every 
X, and the case h = 1 follows from the fact that, by (fTTjl . W admits the smooth selection 

W{x) = Dip{xfR\ 

which, when h = 1, is a genuine one- dimensional distribution, hence integrable. So the 
above proposition explains our previous claim that maps if : M'" — )■ M.^ which satisfy 
Jhf > 1 and ( l20l) for every small R > exist only when m > h > 1. 

Now let (j) '■ I^^" ~^ I^^" be a symplectic diffeomorphism and let P be the orthogonal 
projector onto a complex linear subspace V C M^". The above proposition implies a 
positive answer to the local non-squeezing question when the multi-valued distribution W 
which is associated to the map P(f) is integrable. In the "rigid case" , in which W{x) consists 
of a single vector space for every x G M^", W is certainly integrable. In fact, in this case 
formula (fTT]) and Theorem 1 imply that W{x) consists of the space 

W{x) = D(f){xfV, 

which must be complex for every x G M^". Therefore, the distribution 

W{x) = JW{x) = JD(l){xfV = D(j){x)-^JV = D(j){x)-^V 

is tangent to the foliation given by the image by (f)~^ of the linear foliation given by 2k- 
dimensional subspaces parallel to V. This fact has the following consequence: 

Proposition (Generic local non-squeezing). Let (p : M^" — )■ R^" be a symplectic diffeo- 
morphism and let P be the orthogonal projection onto a complex subspace V C M^*^ of real 
dimension 2k, with 1 < k < n. Then there is an open and dense subset U C M?'^ with the 
following property: for every x eU there exists Rq = Ro{x) > such that 

vohk{P(t>iBnix))) >U2kR^\ (23) 

for every R < Rq. 
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Indeed, we can consider the closed set Y C M^" consisting of all points x for which 

— ^2k, 

or, equivalent ly, 

W{x) = {W{x)} = {D^{xfV}. 
On the complement of Y we have 

vohk{PD(Pix)iB)) >iJ2k, 

and (l23l) holds for every small R just by continuity. On the interior part of Y, the distribu- 
tion W is integrable, as we have seen, and ( 123|) holds for every small R because of Lemma 
H Then 

[/:=Int(F)ur" = M2"\(9r 

is the required open and dense set. 

Although the analysis of the above and of several other examples suggests that the 
multi-valued distribution associated to P0 should always be integrable, we do not have a 
proof of this fact. Therefore, in the following sections we use a different and more direct 
strategy for studying the local question. 

We conclude this section by proving Lemma HI The proof is based on the following 
lemma, whose proof we feel free to only sketch, since Lemma H] is not used in the proof of 
Theorem [31 

Lemma 5. Let ^ he a h- dimensional foliation of B"^, such that each leaf is the graph of 
a smooth map from a strictly convex domain o/R^ x {0} to {0} x ]R™~^ . Then ^ has a 
leaf F such that the h-volume of F is at least Uh- 

Sketch of proof . Given F in let F be a /i-surface which minimizes the /i- volume among 
all /i-surfaces with boundary dF = F (1 dB"^, which by F. Almgren's regularity theory is a 
minimal submanifold, which is smooth away from a singular set of codimension at least 2 
(see [AlmOOj ). By the strict convexity assumption, F is unique and depends continuously 
on F G In particular, there is a F G such that belongs to F. Then the conclusion 
follows from the monotonicity formula for minimal submanifolds (see e.g. [Clllj Corollary 
L13]), which implies the second inequality in 

voU(F) > voU(F) > CO,,. 

□ 

Proof of Lemma [7} If -R is small enough, the homothety x ^ x/R maps the foliation ^|_b™ 
into a foliation of B"^ which satisfies the assumptions of Lemma [51 We deduce that ^\b'^ 
has a leaf F such that 

vol,,(F) > cuhR''. 
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Since D(p{0)\toF is an isomorphism, up to the choice of a smaller R we can also assume 
that the restriction of (f to F is injective. Then the fact that 

\det{Dip{x)\T^F)\>l, \/xeF, 

and the area formula imply that 

voU(<^(5^)) > voU(<^(F)) > vol;,(F) > oohR\ 

as we wished to prove. □ 



4 Preparatory results for Theorem [3 

Let 1 < k < n he fixed once and for all. In the proof of Theorem [3] we shall make use of 
some auxiliary differential forms on R^", which we now introduce. The symplectic form Q 
is decomposed as 

Q = Qk + ^, 

where 

k n 

:= dpj A dqj, f2 := dpj A dqj. 
j=i j=k+i 

The next object is the (2k — l)-form 

a := pidqi A dp2 A dq2 A ■ ■ ■ A dpk A dqk, 

whose differential is ^ 

da = dpi A dqi A ■ ■ ■ A dpk A dgt = -rfit. 

Moreover 

fi'^ = (fifc + 17)'= = ^ ("^"j fi^^' A = fi^ + ^ nl^^ A fi^' = k\{da + (24) 
where /9 is the 2/c-form 



■ i=l ^"'^ l<ii<-<ifc<n 



A rfgi, A ■ ■ ■ A dpi^ A rfg^^^ . (25) 



In the following lemma we prove two formulas which will be useful in the next sections. 

Lemma 6. Let P : M^" — )■ M^" he the orthogonal projector onto the 2k-dimensional suhspace 
which corresponds to the coordinates pi, qi, . . . ,Pk, qu- If ^ ^'^^ ^ ^'^c smooth vector fields 
on R^", there holds: 
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If Xh is the Hamiltonian vector field associated to the Hamiltonian H G C°°(M?'^), there 
holds: 

(tt) P\ixnda) = -jj^dP*{Hn''~^). 
Proof. We clearly have 

^ I Q ^. ^ 1- aq, I Q iij>k. ^^^^ 

It follows that 

P*Vt = 0, (27) 
P*{tx^) = 0, (28) 

for every vector field X. 

(i) If k < i < j < n, the three-form 

ixdiY^dpi A dqi A dpj A dqj) 

is a sum of elementary three- forms, each of which contains at least a term dph or dqn, where 
h is either i or j. By ( l26l) . it follows that 

P* {ixdiY{dpi A (igj A rfp^ A cigj)) = 0. 

Then, by the last expression for /3 in fl25|) . we find 

P*{ixdiYP) = P*{ixdiYP). 

where 

/3 := ^ dpi^ Adqi^ A ■ ■ ■ Adpi^ Adqi,^. 

l<ii<--<ik_l<k<ik<n 

Notice that 

/3 = j ^ dpi, A dgi, A ■ ■ ■ A dpi^_^ A dqi^^^ \ AQ = ^ Di ^k"^ ^ ^' 

\l<ii<-<ik-i<k J ^ ^' 

and hence 

P*itxdtYP) = jj^^P*{txdtY{^l^' Ah)y (29) 

When k = 1, the above identity is precisely the identity (i) that we wish to prove. So we 
assume that k > 2 and compute 

ixdtY{^t~^ Ah) = txd(^{k-i){tYnk) Anl~^ Ah + nl~^ AitY^)^ 

= ix {{k - l){diY^k) A fifc"^ A + n^-^ A (c/zyfi)) . 
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By (127|) . P*{Q) vanishes, and we get 

= P* (^{k - l){ixnk) A nl~^ A {diyh) + fi^^ A (ixdiY^)^ ■ 
Since, by (|28ll . the two-form P*{diY^) = dP*{iY^) vanishes, we conclude that 
P* (ixdiY {^Ir^ AQ)^ =P* (qI^^ a {ixdiY^) 



The thesis in the case k > 2 follows from the above identity and f l29|) . 

(ii) Since all the summands in the definition of /3 contain the term fi, (!28i) implies that 

P*{ix,l3) = 0. (30) 

Moreover, 

= kiixj^n) A n''-^ = -kdH A n''-^ = -k d{H n^"^) . 

Therefore, by (!24l) . 

ix„da = ^^x„^'' - ix„(3 = -j^^-^^ diHQ!'^^) - ix^l^- 
By applying P*, taking f l5U]) into account, the formula (ii) follows. □ 



5 Strategy of the proof of Theorem [3 

Let {0f }tg[o,i] be a smooth one-parameter family of symplectic diffeomorphisms of M^" such 
that 00 = is linear and let {i/t}tg[o,i] be its generating path of Hamiltonians, that is 

^0i(x) = XhAU^)), V(t,x) e [0, 1] X M^n^ 



where is defined by the identity 

iXHt^ = ~dHt. 

Let P be the orthogonal projector onto the subspace M?^ which is given by the coordinates 
Pi,qi, . . . ,Pk,qk- This subspace is complex with respect to the complex structure J, hence 
P commutes with J. We assume that also the subspace $"^]R^^ is complex. 

Let U be an orthogonal and symplectic automorphism of M^" - that is unitary with 
respect to the complex structure J - which maps the complex subspace M^'^ onto the 
complex subspace $-^M^'^ and we set 

^ := $[/. 
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Then 

= {^U)V = U^^V = U~^^V = M^fc, (31) 

so preserves the subspace M^'^. Since is symplectic, it preserves also the symplectic 
orthogonal of M?^, which is also its Euclidean orthogonal. It follows that commutes 
with the orthogonal projector P, and so does 

[vl>,P]=0. 

Being obtained from (pt by right-composition, the path of symplectic diffeomorphisms 

iJt{x) := MUx), 

satisfies 

x/jo = "if. 

Since U maps the open unit ball B C M^" onto itself, we have 

MB) = MB). 

Theorem [3] calls for finding the second order expansion of the function 

fit) := Yohk{PMB)) = yohk{PMB)) 
at t = 0. By (ED and §2), we have 

PMB) = = p*(5 n ran (P^)^) = P*(P n ^nV') = p-^{B n M^^O = P*(p2'=). 

Therefore, 

dP^B) = PMs'"-'), 

where S^^~^ = dB"^^ denotes the unit sphere in "E?^. The implicit mapping theorem implies 
that if i g]0, 1] is small enough, there is a smooth one-parameter family of embeddings 

xt: S^''-^ ^ OB, te[0,t], 

such that 

dPi,t{B) = PiJtixtiS^'-')), \/t e [0,t], (33) 

and Xq is the identity mapping on 5^^'"^. Actually, we may also impose the normalization 
condition 

Pxt{e) E R-^xo{e), ye e s'^''-\ (34) 

which uniquely determines the embeddings Xt- 
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Given a smooth map x : S'^'^ ^ — t- M^", we set 

Vt{x) := / (AoxYa, 

the {2k — l)-form a being defined in Section |H If x is the boundary of the map x : — 
M^"", Stokes theorem and the identity P*a = a (see ( 126|) ) imply that 

Vt{x) = / (^tox)*a= / {iptox)*da= / (^tox)*P*da 



{P o ipto x)*da = (P o o x)*d'pi A dqi A ■ ■ ■ A dp^ A dg/j. 
When P o o X is one-to-one and orientation preserving, then 

Vt{x) = dpiAdqiA--- A dpk A dqu = vohk {Pipt o x{B'^'')) . 

JPtptox(B2k) 

Up to the choice of a smaller t g]0, 1], the above formula holds in particular when x = Xt, 
t E [0,t\, for a suitable choice of x = Xf : B'^'' — )■ B, because Xt is C^-close to the identity 
mapping on 5^^'"^ and ipt is C^-close to the linear map which preserves the splitting 
determined by P. Hence 

f{t) = Vt{xt)= [ i^toXtTa, VtG[0,t]. (35) 

Moreover, by fl33|l the map Xt is a local maximum of Vt on the space of smooth maps 
X : S'^'^~^ — )■ dB. Our strategy for proving Theorem [3] is to use the formula ( !35l) in order 
to determine the second order expansion of f(t) at t = 0. 

6 Computations 

The first aim of this section is to get some information on the family of embeddings 
Xt : ^dB,te [0,t], which is defined by ([33]) and (jMl). 

Lemma 7. (i) For every t G [0,t], the map Xt satisfies the functional equation 

(/ - p) D^t{xt{e)) [Jxtie)] =0, G s^"-'. 



(a) There holds 

dxt 
IE 



(e) = - p)DXH,i'^xo{e))-^jxo{e), ye e s' 

t=0 
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Proof, (i) Fix t G [0,f| and 6 G S"^^ ^. The point x := Xt(^) is a singular point for the map 

Therefore, there is a non-zero vector 77 G M^'^' such that 

for every ^ in T^dB. Since Pr; = rj, we have 

PL'V'i(x)[e]-r/ = e-D^i(xf [r/], 
from which we deduce that the vector 

is orthogonal to T^dB or, equivalently, is a multiple of x. Since 77 belongs to M^'^, we deduce 
that 

{Di,t{xfY\x] G M'^ 
By the J-invariance of M^'^, this is equivalent to 

(J-P)j(D^i(xf)"'[x] = 0. 

Since Dipt{x) belongs to the symplectic group, 

j{DiJt{xfy^ = Dij^{x)J, 

and we conclude that 

(J-P) Z}^t(x)[Jx] =0, 

which proves (i). 

(ii) We can write the first order expansion 

Xi{e) = xo{9) + ty{e) + o{t), for t 0, (36) 

where the smooth map 

at t=Q 

is to be determined. From the condition 1x4(6*) | = 1 we deduce that 

y{9) ■ xo{e) = 0, \/9e S^'~\ (37) 
while the normalization condition implies 

Py{e) G Rxo{e), \/e G S^''-^. (38) 
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By ([37]) we get 

= y-xo = y- Pxq = Py ■ xq, 

which together with fl38|) imphes that Py = 0. Differentiating fj32|) with respect to x, we 
find 

^mt{x) = DXH,mx))Di,t{x), 
at 

Di)Q{x) = 

from which we deduce that 

Diptix) = ^ + tDXHai'^x)'^ + o{t), for t 0. 

Together with (i) and (!36l) . this imphes that 

(/ - P) + tM^^, (^xo + t^y + o(t))^ + o{t)) J{xo + ty + o{t)) = 0. 

By expanding this expression and by collecting the terms which are linear in t, we find 
that 

(/ - P){^Jy + DXH,i'^xo)^Jxo) = 0. (39) 

Since Py = and P commutes with both \1/ and J, we have P'^Jy = and (13^ implies 
that 

■^Jy ={I- P)^Jy = -(/ - P)DXh,{:^xo)^Jxo. 
from which we conclude that 

y = - P)DXh,{^X^)^>Jxo, 

as claimed. □ 

We can now use the formula (l35l) and compute the first derivative of /. 
Lemma 8. There holds 



f{t) = / {iJtoxty{ixH,d(^), 



and f (0) = 0. 



Proof. Since Xt is a local maximum of the functional Vt on the space of smooth maps 
X : S'^''~^ — !■ dB, we have 



dxt 



dt 



dVt, , dVt^ 



fit) = dVtixt) 

Moreover, by using Cartan's identity 

Lxct = txda + dtxct 
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and Stokes' theorem, we find 



{Lxh^ a) = / V^t da + rf^x^, a) 

The formula for f'{t) follows. In particular, 

/'(0)= / {^oxoTiiXn/a). 

Since ^ o xq{S'^^~^) = \[f5'^^'~^ is contained in M^'^, Lemma 0(11) implies that 
oxoYiix^^da) = {Po^^Joxoy{^x„^da) = {^oxoy{P*{^x„^da)) 

= -j^^i^ oxor{dP*{Hon'~')) = -j^^di^ oxoYiHon'-'). 

Hence /'(O) = 0, again by Stokes' theorem. □ 

We can now get a first formula for the second derivative of /. 
Lemma 9. There holds 



f"{t) = I {ipto XtY I -ixH.+YtdiXH^P + ^x^„^ da 



where Yt is a smooth vector field on M^" such that 
In particular, for t = 0, 

where Y is the vector field 

Y{x) := ^J^-^(/ - P)DXho{x)^J^-^x. 

Proof. By deriving the expression for f'{t) of Lemma [H we find, by using Cartan's identity 
and Stokes' theorem as in the proof of Lemma [H 

fit) = ^^fc-i*-^* ° + Jt^Ht^^ 

{ipt o xt)* (^ztdixnda + ^^x„/a^ , 
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where Zt is a vector field on M^" such that 
Here we can write 

Zt = Xh, + Yt, 
where Yt is a vector field on M^" such that 

Since ^ 

-r^Xu da = t d ^ da = tx^a da, 

we find 

fit) = j {i)t o xt)* (^ix„^+YtdtxH,da + ix^da^ . 



_ (40) 

V dt J 

From the identity f l24p we have 

da = ^n'' - (3, 
k\ 

which, together with 

dix^P'' = d{k{ixH^^) A n^^^) = d{-kdHt A fi^'"^) = 0, 

implies that we can replace da with — /3 in the first term of fl40l) . and we find the desired 
formula for f"{t). 

For t = we have, by Lemma [7] (ii), 

Yo{^xo{e)) = - p)DXHo{^xo{e))^jxo{e), ye g s^'~\ 

Therefore, we can choose as Iq the vector field 

Y{x) := ^J^^i(/ - P)DXH„{x)<i/J<i/-^x 

and we find the formula 

/"(O) = / o xo)* {-ix„^+YdiXuJ + ^x^da) , 

where 

K{x) ■= ^{x) . 
^ ^ dt^t=o 

Arguing as in the last part of Lemma El Lemma |6] (ii) implies that the {2k — l)-form 

{"^ ox^YiiXiida) 
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is exact and by Stokes' theorem we find the formula 



r(o) = - / {^oxor{tx„,+Ydtx„,p). 



Since ^oxq = Po'<^o xq, by Lemma E] (i) we have the following chain of identities 

O Xq)* {lx„^+Ydlx„^P) = {Po^ OXoy{tXa^+YdtXH,P) 

= {^oxor{P*{^x„,+Yd^x„,^)) 

= (^31)1 ° ^onP*{^l-' A {zx,^^Ydzx,fi))) 



= J^:^Tyi^°^or{^l-'^i^x,^,^yd^x„,n)) 
= J^^_^o{'^*i^t')^^*i^x,^-^Yd^x,fi)) 

where in the last equality we have used the fact that, commuting with P, the symplectic 
automorphism preserves Qk- The desired formula for /"(O) follows. □ 

In order to further simplify the expression of /"(O), we need to introduce some extra 
objects. We identify R'^'' with C'' and we denote by Gri(C'') = CP''"-^ the Grassmannian 
of complex lines in C'^, equipped with its standard Kahler form 

where / is a holomorphic local right-inverse of the projection C'^ \ {0} — ?■ CP^~^ (see e.g. 
|Jos02t Section 5.1]). Let /i be the induced volume form on Gri(C''') = CP'^"^ that is 

Then we have the following reduction lemma: 

Lemma 10. Let t] be a smooth one-form on S'^''~^, k > 1. Then 

where the circle L fl S'^'^~^ is given the orientation induced by the complex structure of L. 
Proof. We recall that if 



71 : S^''^^ CP 



fc-i 
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is the Hopf fibration, then 

7r*a; = (]fc|52fc-i. (41) 

Indeed, since both and u are invariant with respect to the action of the unitary group 
of C^, it is enough to check this identity at the point (0, . . . , 0, 1) G S'^''~^. In the affine 
coordinate system 

C^-i ^ CF'-\ (Ci, . . . , Ck-i) ^ [Ci, • • • , Ck-u 1], 
the Kahler form a; at [0, . . . , 0, 1] has the form 

(see e.g. |Jos02t Equation (5.1.5)]). By differentiating the formula 



, . . . , 



TT[Zi, ...,Zk)- 

at (0, . . . , 0, 1), we get that 

Dn{o, . . . , 0, i)[(Ci, . . . , a)] = (Ci, • • • , Cfc-i), v(Ci, ...,Ck)e r(o,...,o,i)5''-\ 

from which 

. fe-l k-l 



7r*u;(0, . ..,0,1) = - ^dzj A dzj = ^ dpj A dqj = fifcl^^^ o.dS^^-I) 



which proves (HTi) . 

Let us denote by vr* the integration along the fiber, which maps /i-forms on S'^''~^ into 
(/i — l)-forms on CP*'"^. By (HTl) and by the adjunction formula (see e.g. |BT82l Proposition 
6.15 (b)]), we have 

^^^'A7/= / 7r*(a;^--i) Ar/= / u'^^AttM- 
Since ?/ is a one-form, vr*(?7) is the function 

7r.(r;)(L)= / r/= / r/, VL G Gri(C'=) 



~ ^r'-roA;— 1 



and hence 

ifc-i 



as claimed. □ 
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Given a loop 

z : M/27rZ ^ M^", 



we denote by 







its energy, and by 

f27r /■ , " 



^ Jo JR/2nZ ^j^^ 

the symplectic area bounded by z. 
Lemma 11. There holds 

r(0) = 2 / {EizL)-Aiz,))f^iL), 

JGri(C'') 

where zl ■ M/27rZ R^" is the loop 

ZL{e) = ^*{{I-P)XH,){e''wj), 
Wl being a point in Ln S*^^"^. 

Here \E'*((/ — P)Xhq) denotes the pull-back by \1/ of the vector field (/ — P)Xho, that 

is 

- P)Xh,) (x) := - P)Xh,X'^x), Vx E M^". 

Proof. By Lemmata M and [TD|, we have 

/"(O) = - / f / vl/*(^^ ^^rf, (7)) /i(L). (42) 

We fix a complex line L in C'^ and we compute the integral of the one-form '^*{tXu^+YdixHg^) 
on L n S"^^'^. We parametrize the latter circle by the map 

w : M/27rZ ^ L n w{e) = c^-'wl, 

where Wl is some point in L fl 5*^^^^. Since ^2 is a constant two- form, for every pair of 
vectors u,v E M^" we have 

dixHfi{x)[u,v] = Q[DXho{x)u,v] +Q[u,DXho{x)v], Vx G M^", 

from which we infer that for every vector u G M^"" there holds 

iXH^+YdixHfiix)[u] = h[DXHoix){XHoix) + Y{x)),u] + n[XHoix) + Y{x),DXH,ix)u], 
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and 

^*{ix,^+Ydix„fi){x)[u] = Q.[DXh,{^x){Xh,{^x) + Y{^x)), ^u] 

+ n[XH,{^x) + Y{mx),DXH,{'^x)^!ul 
for every x G M^". In particular, since ^w' = ^Jw belongs to the kernel of ^2, 

^*{ix„^+YdiXu^^){w)[w'] = fliXH.i'^w) + Y{^w),DXh,{'^w)^w'1 on M/27rZ. 
We compute the two terms 

n[XH,{^w),DXH,{'^w)^wl n[Y{mw),DXH,{^w)'^w'] 

separately. 

By the identity 

h[u,v] =Vt[{I - P)u,{I - P)v\, Vn,i;GM^'^, 

the first term equals 

h[XH,{^w),DXH,{'^w)^w'] = n[{I-P)XH,{'^w),{I-P)DXH,{'^w)^w'] 

where 

Zl{0) := (/ - P)Xh,{'^w{9)), ye E M/27rZ. 

By the identity 

n[u,v] = J{I - P)u- {I - P)v, VM,t;eR^", 
and by the explicit expression of Y (see Lemma [9]), the second term equals 

n[Y{^ifw), DXho{'^w)^w'] 

= J{I - P)'^J^'\I - P)DXho{^w)^w' ■ (/ - P)DXho{'^w)^w', 

and, using the identities J = J(\E'~^)^, [J, P] = and = — /, we get 

n[Y{^w),DXH,{'i^w)^w'] 

= J{I - P)J{^-Y^~\I - P)DXh,{^w)^w' ■ (/ - P)DXh,{'^w)'^w' 
= - P)DXh,{^w)^w'\' = \z'l\\ 

where 

ZL{e) := ^-^hio) = ^ii-^i - p)XHo{^w{e)), ye e R/2nZ. 

These computations show that 

^*i^x,^+Yd^x,fi)iw)[w'] = \z'^\' - z'j}, 

where we have used the equality VL[zli ~ ^[-^l, -^l], which is due to the fact that \1/ is 
symplectic. By integrating this identity over ]R/27rZ, we conclude that 

/ ^\ix„^^Ydix„p) = riW^m' - n[zL,z'^]) dt = 2E{zl) - 2A{zl). 
JLnS-^k-i Jq 

and the thesis follows from (HSl). □ 
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7 Local non-squeezing 

Most of the computation having been performed in the previous section, we can finally 
prove Theorem [3l 

Theorem 3 (Second order expansion). Let {(j)t}t£[o,i] be a smooth one-parameter family of 
symplectic diffeomorphisms o/M^" into itself such that (j)o = ^ is linear and let {Ht}t£[o,i] 
be its generating path of Hamiltonians. Let P be the orthogonal projector onto a complex 
linear subspace V C M^" of real dimension 2k, with 1 < k < n, and assume that also ^^V 
is a complex subspace. Then 

Yohk{PMB)) =co2k + Ct^ + 0(t=^), for t ^ 0, 

the number C being defined as 

C = C{Ho, $) := / {E{Cl) - A{Cl)) /i(^), 

JGri(<S>TV) 

where (l ■ M/27rZ M^n ^/^^ ^^^^ 

a(^) = $*((/-P)X^,)(e^^a), 

being an arbitrary unit vector in L. 

Proof. Up to the left-composition of (pt by an orthogonal and symplectic automorphism 
of M?"' - that is unitary on C" = M^" - we may assume that V = M?'', so that P is the 
projector which was considered in the last two sections. By Theorem [T] and Lemmata [H] 
and [m the function 

fit) = Yohk{PMB)) = Yohk{PMB)) 

satisfies 

/(O) = uj2k, no) = 0, r (0) = 2 / {E{zm) - A{zm)) /i(M), 

JGriiV) 

where 

ZM{e) = ^^\I -P)XHo{'^e'^-^WM), V^GM/27rZ, wm e S^''"^ n M, MeGniV), 

and \E' = U being a unitary automorphism of M?" = C" which maps M?^ = C'^ onto 
$^M^^. We can express the loop zm in terms of $ and U as 

zm{0) = U-'^^\I - P)XH,{'^Ue''wM), 

and we notice that 

E{zm) = E{zm), A(zm) = A(zm), 

where 

ZM{e) := UzM{e) = <f-^(/ - P)XH,{^Ue''wM). 
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So we may replace zm by zm in the above formula for /"(O). If we set, for every L G 
Gri(<|.^y), 

a := Uwu-^L. a{e) := $"^(/ - P)XHo($e^-'a), 
we have that belongs to L fl S*^^"^ and, since U commutes with e^"^. 

From the invariance properties of the standard Kahler form of the complex Grassmannians 
with respect to unitary transformations, we may apply the change of variable M = U~^L, 
L e Gri($'^V^), and get the identity 



r (0) = 2 / {E{zu-.l) - /i(^) 

JGrii'S'Tv) 

= 2 / {E{Cl) - AizL)) =: 2 C(i7o, 



'Gri(<I>^y) 

The conclusion follows from Taylor's formula. □ 

We recall the following well-known area-energy inequality, whose simple proof is in- 
cluded for sake of completeness: 

Lemma 12. For every smooth loop z : M/27rZ — )■ M^", there holds 

A{z) < E{z), 

and the equality holds if and only if z has the form 

z{0) = l {z{0) + .(vr)) + ie^^ (z(0) - .(vr)) . (43) 
Proof. If the loop z has the Fourier expansion 

z{e) = J2 e^'^'^^fc, with Zk G M^'^, 

we have 

E{z)=nJ2k^\zk\^ A{z) = TTY,k\zk\^. 
kez fcez 

Therefore, 

E{z)-A{z) = 7r^P\zk\^ - 7r^k\zk\'^ = ir^kik - l)\zk\'^ > 0, 
fcez fcez fcez 

which proves that A{z) < E{z) and that the equality holds if and only if = for every 
k different from and 1. In the latter case, 

z{e) = zo + e'-^z^, 

which can be written as by solving the linear system 

z{0)=Zo + Zi, Z{7l) = Zo - Zi, 

for zq and Zi. □ 
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Together with Lemma [121 Theorem [3] has the following consequence: 

Corollary (Strict local non-squeezing). Let (pt, Hf, P and V he as in Theorem\^ 
with 1 < k < n — 1. Assume that the vector field Z := $*((/ — P)Xhq) does not satisfy the 
symmetry condition 

Z (e^-^x) = ^{Z{x)+Z{-x)) + ^e'^-^{Z{x)-Z{-x)), Vx G dBn<^'^V, \/e e M/27rZ. (44) 
Then there exists to > such that 

vo\2k{PMB)) > uj2k, for every < t < to- (45) 
Proof. By Theorem [3l 

vohkiPMB)) = uJ2k + C{Ho, $) t^ + 0{t^), for t ^ 0. (46) 
Lemma [T2] implies that C{Ho, $) > and that it equals zero if and only if 

CdO) = liCdO) + CL(vr)) + ^e^^(a(0) - a(vr)), 

for every L G Gti{^'^V). Since Cl{0) = Z{e^'^^L), the latter condition is equivalent to 

Z {e''a) = 1{Z{^l) + Z{-^,)) + le''{Z{^L) - Z{-^,)), 

for every L G Gti{^^V). Since is an arbitrary point in L fl dB, the last condition is 
equivalent to (jH]). So, when dH]) does not hold, C{Ho, $) is positive and fHSjl follows from 

m. □ 



Remark. T/ie above corollary implies a strict non-squeezing inequality also for the first 
formulation of the local problem. Indeed, if (j) '■ symplectic diffeomorphism 

and {(j)t}t£[o,i] is the path defined by then the vector field Z appearing above is easily 
shown to be the quadratic map 

Z{x) = ^D<f){0)-\I - P)D^(f){0)[x,x]. 

In this case, condition [44\ ) equivalent to 

(/ - P)D^(j){0) [Jx, x] = 0, Vx G D(j){OfV. (47) 
We conclude that if does not hold then there exists Rq > such that 

Vol2fc(P0(5^)) >U2kR^\ 

for every < R < Rq. 
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